Abstract-The correspondence explores the ergodicity property of the two-dimensional (2-D) discrete wavelet transform for a fractional Brownian motion (fBm) field that consists of one approximation image and three detail images. In this correspondence, the decorrelation and ergodicity of the three detail images of fBm fields are shown to be achieved.
I. INTRODUCTION
An important problem that has appeared in the applications of stochastic processes is the estimation of various statistical parameters in terms of real data. Most parameters are expressed as the moment values, which are obtained by the ensemble averages. Fortunately, for many stationary stochastic processes, we can substitute the time averages for the unknown ensemble averages [10, p. 246] , [15, p. 316 ]. The time average will tend to the ensemble average as the averaging interval goes to infinity when the stochastic process is ergodic. Practically, it is very difficult to check the ergodicity properties of nonstationary processes in most cases. Therefore, we usually assume that the ensemble averages of nonstationary processes may be approximated by their time averages. The fractional Brownian motion (fBm) processes are used in a wide range of research such as 1=f -type noises, fractals, image textures, etc. [3] , [4] , [6] , [9] , [12] , [16] , where the calculation problems of the fBm processes are not mentioned and solved. Actually, fBm processes do not have the ergodic properties checked by the ergodicity theorem described in Papoulis [10, pp. 246-251] or Stark [15, pp. 316-322] .
The ergodicity properties of the one-dimensional discrete wavelet transform (1-D DWT) of an fBm process will be stated as follows.
Suppose that B H [n] is a sampled fBm process with parameter H; 0 < H < 1: From [5] and [16] , the 1-D DWT of the fBm process is wide-sense stationary (WSS) and decorrelated, i.e., the autocorrelation function of the wavelet coefficient decays as R d(B ) (m 1 ; k 1 ; m 2 ; k 2 ) O(j2 0m k 1 0 2 0m k 2 j 2(H0M ) ) for j2 0m k1 0 2 0m k2j > jK1 + K2j, where M is the vanishing moment of the wavelet function, the wavelet function (t) has a finite support given by the interval applied to the theorem of ergodicity in [10, pp. 247-251], we conclude that the wavelet coefficient is mean ergodic. Since the fBm process has Gaussian distribution, the wavelet coefficient of the fBm is also correlation ergodic. In this work, the results above are extended to the case of twodimensional (2-D) fBm fields. The 2-D DWT herein are based on the perfect reconstruction-quadrature mirror filter (PR-QMF) structure Manuscript received December 13, 1996 ; revised September 16, 1997. This work was supported by the National Science Council under Grant NSC86-2213-E-009-066. The associate editor coordinating the review of this paper and approving it for publication was Dr. Phillip A. Regalia.
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[1], [8] . [1] , [8] .
The contribution of this work is that the three detail images of 2-D fBm fields are shown to have the property of decorrelation and ergodicity that will be certified in this work. Therefore, the ensemble average can be replaced by the time average for the moment values that are presented by the numerical simulation.
The main results of this work are shown in Section II. Section III presents the numerical results. The conclusions are given in Section IV.
II. MAIN RESULTS

A. 2-D fBm Fields
First, we summarize some properties of 2-D random fields derived from Rosenfeld [14, pp. 38-39] . Let f f f(r; ! i ) be a random variable, where the position vectorr is given in the xy plane, and !i is an outcome in the sample space. Henceforth, we will denote f f f(r; ! i ) by f f f(r) (or f f f(x; y)). 
ri j 0ri j ; i1; j1; i2, and j2 = 0;1;2;111: 
where K is a constant.
B. Decorrelation Properties of The Three Detail Images of fBm Fields
In our previous work [17] , we have concluded that the three detail images of the 2-D fBm random field are all WSS. The following theorem will show further that the autocorrelation functions of the three detail images are all decorrelated. Herein, we only take one of them shown below in detail. Let x k x1 0 k x2 and y k y1 0 k y2 for all k x1 ; k x2 ; k y1 ; k y2 2 Z Z Z: 
Because the Mth-order partials for P (; ) depend on M x ; M y and n x n y , where n1 + n2 = M and n1; n2 > 0, the Mth-order term of f1g in (8) (Fig. 3 ) and the ensemble-average (Fig. 4) The approximation image is close to the original 2-D fBm random field. In addition, the autocorrelation function of the approximation image is near the original 2-D fBm random field and is different from the three detail images, which decay fast. 
C. The Ergodicity of the 2-D DWT of fBm Fields
Since the means of the three detail images of the fBm field are equal to zero, the corresponding covariance functions are equal to the autocorrelation functions.
Theorem 2: Let (t) be an orthogonal wavelet supported over the interval [0K 1 ; K 2 ]; K 1 and K 2 > 0: The three detail images of an fBm field are defined as in (1)-(4). Then, these three detail images are mean ergodic.
Proof: Based on the results in the last subsection and Corollary 1, it is concluded that the three detail images are mean ergodic.
Theorem 3: If an fBm field has Gaussian distribution, then the 2-D DWT of the fBm field is also correlation ergodic.
Proof: The reason is the same as the proof of Theorem 2.
III. NUMERICAL EXAMPLES
In this simulation, the spectral synthesis method in [11, pp. 96- 2) From Fig. 7 , the correlation functions of the three detail images decay fast when the parameter H decreases. i.e., the rate of decaying is dependent on the parameter H:
The ergodicity properties of random processes/fields are very important to calculate the moment values in experiments. Although the ergodicity (time homogeneous) of fBm processes has been taken into practical application prevailing in a lot of research, it is not recognized as ergodic if it is concluded by the ergodicity theorem. In this work, the ergodicity properties of the wavelet coefficients (1-D case) of fBm processes and the three detail images (2-D case) of fBm fields are shown. Therefore, it will provide a mathematical base for the time-average moment values of the three detail images of fBm fields.
Two-Dimensional System Optimal Realizations with -Sensitivity Minimization
Gang Li
Abstract-In this correspondence, an expression is derived for the error variance of transfer function of a two-dimensional (2-D) system. The optimal realization problem is then formulated by minimizing this variance with respect to all possible realizations of the system. This problem is shown to be equivalent to the minimization of a pure L 2 norm based sensitivity measure. It is shown that the problem can be solved using any standard minimization algorithm.
I. INTRODUCTION
The finite word length (FWL) effects have been considered to be one of the most serious problems in the actual implementation of a digital system. One of the methods to reduce these effects is to implement the system with an optimal realization that minimizes the transfer function sensitivity measure. Traditionally, the transfer Manuscript received June 26, 1995; revised March 31, 1997. The associate editor coordinating the review of this paper and approving it for publication was Dr. Yun Q. Shi.
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function sensitivity measure was defined with a mixture of L 1 =L 2 norm for one-dimensional (1-D) systems (see, e.g., [1] and [2] ). The corresponding results were extended to the two-dimensional (2-D)
case by many researchers (see, e.g., [3] - [5] ). This mixed L 1 =L 2 based measure is mainly for an easy mathematical treatment and seems to lack mathematical justification. Recently, a pure L 2 based transfer function sensitivity measure was studied, and some properties of this measure were revealed in [6] and [7] . The main objective of this correspondence is to extend the L 2 sensitivity minimization problem from 1-D to 2-D.
It is true that the solution to the pure L 2 minimization problem does not have a closed form and requires more computation. This is the main drawback of using this pure L2 sensitivity measure. The computational complexity is, however, not of concern here since this is in the design stage.
II. PROBLEM FORMULATION
Consider a 2-D discrete linear time-invariant single input single output system (SISO) H(z h ; z v ) of order (n h ; n v ). This system can be represented with the Roesser state-space equations [8] x h (i + 1;j) 
We adopt a statistical approach where the perturbations of the parameters are considered to be independent random variables uniformly distributed within the range [0 1 2 2 0B ; 1 2 2 0B ] for a fixedpoint implementation of Bc bits (see, e.g., [9] ). We now define the transfer function error measure as 
